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OHMIC EFFECTS IN QUASIOPTICAL RESONATORS

I. Introduction

The quasioptical gyrotron (QOG) has been under investigation at NRL for several years

as a potential source of high-power radiation at frequencies above 100 GHz for electron

cyclotron resonance heating (ECRH) of fusion plasmas.' 2 3 ,4 An integral part of the QOG

is the resonator, which traps some of the radiation emitted by the electron beam, allowing

the radio frequency (rf) fields to grow to the large values necessary for efficient extraction of

energy from the beam. The QOG resonator suffers iosses due to diffraction of the radiation

around the outer edge of the resonator mirrors as well as the finite conductivity of the

mirror surfaces. Clearly, it is imperat ive to uderstand each of these loss mechanisms in

order to understand the operation of the QOG exDeriTent . Tll' nte tddresses the ohmic

losses in the resonator, deriving expressions for the electric field in the resonator, the ohic,

quality factor (QQ), the ohmic heating density (pu). the total ohmic power (PQ ) dissipated

in the resonator mirrors, and the temperature rise of the mirrors. The derived formulae are

then applied to the current design of the cavity to be utilized in the NRL induced resonance

electron cyclotron (IREC) maser experiment.

II. Cavity Fields

The resonator considered here consists of the Fabry-Perot-type open resonator shown

in Fig. 1. The spherical cavity mirrors form an azimuthally symmetric resonator about

the cavity (y') axis, which is offset by an angle 0 from the y-axis as shown in Fig. 2. The

angle 6 is used in the QOG literature,5 however, in the IREC maser literature6 the angle

0 between the resonator (y') and the electron beam (z) axes is typicajy ubed. Thc mode

structure and stability of this type of resonator is discussed by Yariv7 who finds that the

electric field of the transverse electric and magnetic ('1'EM,.j) modes of the travelling

Manuscript approved August 22. 1990
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Figure 1: Schematic diagram of the quasioptical gyrotron experiment.
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Figure 2: Gijlejtation of the resonator (y')-axis with respect to the electron beam (z)-axis.
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wave in the cavity may be expressed as

E- E t  (1)

where the physical electric field is obtained by taking the real part of E, and

Wa1I (v~x (X2 + ,2

E 2 wl (y')m'\wl(y') k.,w (y) ' exp { Y y)

x2R (y') wit

-(m+n+ 1)arctan ] (2)

where Hm is a Hermite polynomial of order m, wo is the radiation beam waist,

(0(Y) = 2 + y2/z2), (3)

R.(y) = y( +/zY2y), (4)
7tto,l _ ___

Zo =-A d , (5)

R is the radius of curvature of the radiation wavefront, k is the wave number, A is the

wavelength and w is the angular frequency of the radiation, d is the resonator mirror

separation and g = 1 - dIRe, where R, is the mirror radius of curvature, which is assumed

equal to the curvature of the radiation wavefront at the mirror. The electric field of the

standing wave in the resonator is obtained by adding the two oppositely directed travelling

waves, yielding

I I ~ WI y') x WI ?

E, yz',t) E" Hm )" \w(y')) exp

xexp z tt+(m+n+1)arctan

(~2 + _17r1

X Cos [ki (Y + Z) (6)
1( 2R. (y') 2]

where the Ir/2 term in the cosine is necessary to satisfy the boundary conditions at the

resonator mirrors.
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Of particular interest is the electric field at the electron beam, which is located very near

the RF beam waist (i.e. y' < z,). In this case & ; 0, w1(y') - w0 , wad arctan(y'/zo) ; 0

yielding

n(X' "Z't) = 0E,H HM )~~'' exp I (_2z2

( wolI Wo,! W0 11 j

x exp {ZWit}cos (kai'- 1)r (7)

For the TEM,L, mode this becomes

E3,0,1(x, y',Yt) EexpI(2 + } exp {utt} cos kly' - . (8)

The peak electric field of the TEM0,0, mode along the resonator (y'-) axis is (in MKS units)

mocwy Woj ' sin 2(o) (2 - Y F_(9)
3 -4 w (y')\ (1 - /311 cos(4))2 S3 F

where F is the peak normalized wave amplitude commonly used in the gyrotron literature,8 ' 9

mo and e are the rest mass and charge (magnitude) of an electron, -t is the relativistic fac-

tor, and O3, and #11 are the electrons velocity perpendicular and parallel to the magnetic

field normalized to c, the speed of light. The parameter s is the harmonic number of the

beam-wave interaction for the case of the QOG and should be set to unity for the IREC

maser resonator. The angle V) is the angle between the resonator and electron beam axes,

and should be set to -r/2 for the QOG.

III. Ohmic Power Losses

To calculate the ohmic power lost in the resonator mirrors, consider a plane wave

incident on a semi-infinite planar conductor as shown in Fig. 3. Assuming that all field

quantities S vary in time as

S(x, t) = S(x)e 'w (10)
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Figure 3: A plane wave incident on a semi-infinite planar conductor.

and

B 11)

D =cE (12)

p= 0 (13)

J =- E, (14)

Maxwell's equations become

VxE = -iwB (15)

VxH = (?'W+a)E (16)

V. D = 0 (17)

V. B = . (18)

Using a vector identity we obtain

VxVxE = V(V.E)-V 2 E (19)

5



= -V 2 E (20)

= -iwpV x H, (21)

from which the wave equation follows:

V 2E =iw (iwc + a) E. (22)

Similarly, one may derive the wave equation for H

V 2H = iwp (iwc + a) H. (23)

Region 1 (see Fig. 3) is free space, so that a = 0, leading to

V2 E1 = -L 2 ooE1 . (24)

Picking the orientation of the electric field

El = iEj(x), (25)

the solution to Eq.(24) is

El = i {E + e - iky + E- e'ky } (26)

where

2 oo. (27)

In region 2 we assume w < a (i.e. the displacement current is negligible) yielding the

wave equation

V2 E2 = iwpaE2  r2E2 (28)

where
_ +i (Wpa 1/2

r -1+ z) (29)

where 6 is the skin depth of the conductor. The solution to Eq.(28) is then

E2= {E + - + E2 e} (30)

= E~e" (31)
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since the electric field must be finite at y --+ oo. From Eq.(16) we have

V x H 2 = OE2 = -i '  . (32)

Therefore

H 2 = ,Hy(z) + iH,(y) = -;He - ' y (33)

where
H + -- -aE+ (34)

and H,(z) = 0 since there is no z dependence. Applying the boundary equation that the

tangential part of the electric field is continuous at the conductor surface yields

E+ = E+ +E -  (35)

H = - 6a(1 -i) (E+E) . (36)

Again using Eq.(16), we have for the individual plane waves travelling to the right and to

the left in region 1,

H+ = o ) 1 2 E+ (37)

H- = j) E-, (38)

and therefore

Hi = i (H+ etky + H- &ky) (39)

Applying this to the boundary condition that the tangential part of the magnetic intensity

must be continuous yields

H( ++ Lo 1/(E+ - E-) (40)

1(40

Using Eq.(36) and more algebra

4E(
E+ = E+ + E= 2  Z( (41)

where Zo = (p0 /o)(1/ 2) is the impedance of free space.
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The time averaged power per unit area lost in the conductor (po) is given by the real

part of the Poynting vector (N) evaluated at x = 0;

pQ= R {(N)1.=o1 42)

where

1
(N)Io = x H; (43)

2
= y-(I+)IE 2  (44)

42
= 4(1 + i) E + (

= 76 [(Z, + 2/ + z (45)

For reasonably good conductors aLd frequencies not t.-, high, the factor

2 =6 
(46)

is small compared to Z, (= 377Q) and the heating density becomes

_(2E+ 
) 2

P- 2abZ2- (47)

In addition to being applicable to the case of a plane conductor, this equation is a good

estimate of the heating density for a curved conductor when the radius of curvature is

iuiuch larger than the wavelength of the radiation. Using Eq.(2) for a TEM0 ,0 ,l mode at the

mirror we have
wo I2

2F + = Eo,, IWd/) 48w(2)exp -2w d2}.(48)

w, (d/2) -

Therefore, the power lost per mirror due to ohnic heating in a mirror of radius a at position

d is

Pstnmiror = -- pQ27rr dr

__ r E 2 2o2a,2
- 4O6Z' 1 -exp w (d/2) (49)

8bZ d2



IV. Stored Energy

In vacuum, the time-averag-d energy density is

u I:(E.D'+B.H*)= 1-D

The total stored energy in the resonator is twice the stoked energy due to the wave travelling

in one direction given by Eq.(2). For a TEM0,0,1 mode this yields

oWd/ 2a 2rr dr 2rw 2 )

Estored 4 J-d/2 dy ?2r (y)•

7rcE 2w 2d [1e -2a 2
_________ - I (51)

8 w, (d/2))]J

V. Ohmic Q

The ohmic Q of a cavity is defined as

W Estored (52)
Plost

Noting that power is lost in two mirrors, and using Eqs.(49) and (51) we obtain
d

Q' =d (7rfP0 0o)1 / 2  (53)

where f is the frequency of the radiation.

VI. Resonator Heating

In this section we wish to calculate the time dependent rise in temperature of the

resonator mirrors. To do so, we solve the one-dimensional heat equation with appropriate

boundary conditions11 :

u(x,t) - u,,(x, t) = -- (4)
PCP~

U(r,-0) = Uo (55)

uO, t) = 0 (56)

u,(L,t) = 0 (57)

A = .T (x) (58)
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where u(x, t) is the temperature of the mirror at position x and time t, the subscripts of u

denote partial derivatives of u, the mirror is located between x = 0 and x = L, F is the

flux incident on the mirror, and a = KI (pc,,) where p, c%, and K are the mass density, heat

capacity, and thermal conductivity of the mirror material.

The first step in solving this problem is to set F = A = 0 and separate variables

to find the eigenvalues and eigenvectors of the related homogeneous problem. Setting

u = X(x)T(t) and denoting derivatives by primes gives

- - A2  (59)
aT X

Therefore

X"+A 2 X = 0 (60)

X'(0) = X'(L) = 0 (61)

which has solutions

X(x)= cos(Ax) A, -- - n=0,1,2 .... .. (62)

Now let A -$ 0 and try the solution

u(x,t) = ZT,(t)X,(x) . (63)

Multiplying by u(x,t) and integrating yields

LT0  L u(x,t)dxToLt = (64)

2L 72.
Tm,(t) fo fju(x, t) cos(Mr-fldx m= 1, 2,...

Next we expand

A/(p%) = yq,(t)X.,(x) . (65)
n

Inserting Eq.(58) gives

1o - (66)
qm = 2 M=1,2,...

Therefore the differential equation reduces to

EXn (T"+aA - q) = 0 (67)
n

10



Table 1: Parameters for the quasioptical IREC maser experiment.

Mode TEMo~o~i

Output power 15 MW

Frequency 280 GHz

Wavelength 1.1 mm

Magnetic field 6 T

Electron beam energy 500 keV

Electron beam current 200 A

F 0.2

a = /3L 0.5

200

12

which leads to {o u+ qt 2 at n =0 (68)
-n e -An)- 1 n = 1,2,...

Thus the solution for the mirror temperature is

u(X,t) =U + t -+FL 0 1 Cos rx 1- exp (69)-2 - . 2cos L2

VII. The IREC Maser Resonator

In this section the formulae derived will be applied to the current design of the resonator

for the quasioptical IREC maser experiment. Representative experimental parameters are

given in Table 1. The theory necessary to optimize an IREC maser design is complicated

and will be addressed in future publications, however, let us pick F = 0.2 for this example.

This value is approximately twice the F value for optimum efficiency operation in a QOG

and is appropriate for the IREC maser since here the beam electrons interact only with

11



the RF fields propagating in the direction of the electron beam travel. Also picked are

values for the angle between the resonator and electron axes = 200 and the normal-

ized interaction length au = 12. Specifying the peak heating density at the mirror to be

150 kW/cm2 determines the resonator mirror separation (81 cm) and radius of curvature

(52 cm). The output coupling of 14% is picked to balance the input and output power

levels and determines the mirror radius of 3.0 cm. Assuming values for the conductivity

(3.6 x 10' siemens/m) and the skin depth (1.6 x 10- 7 m), appropriate for copper, Eq.(49)

may be used to calculate the power lost per mirror (780 kW).

With the resonator parameters specified, it is a simple matter to apply the derived

formulae to obtain the peak electric field at the center of the resonator (Eq.(9)) E. =

1.1 MV/cm. Similarly, the energy stored in the resonator (Eq.(51)) is Etord = 2.4 J, and

the ohmic quality factor (Eq.(53)) is Qn = 2.5 x 106. The resonator heating is calculated

assuming that the incident flux is .F = 150 kW/cm 2, the peak heating density. Eq.(69) then

gives a temperature rise at the surface of the mirror of approximately 150°C for a 2 Psec

pulse. Standard values for copper of p = 8.93 g/cm3, cp = 0.385 J/(g°K), K = 3.5 W/cm°K,

a = 1.02 cm 2/sec, and a mirror thickness of L = 1 cm were used in this calculation. It

should be noted that the number of terms necessary for the convergence of the sum in

Eq.(69) is approximately 1000. Figure 4 shows that at the end of 2 psec the temperature

rise in the mirror is confined to very near its surface. The parameters calculated for the

IREC maser resonator are summarized in Table 2.

VIII. Acknowledgements

We thank Drs. Arne Fliflet and Wallace Manheimer for their helpful discussions. This

work was supported by the Office of Fusion Energy of the U.S. Department of Energy and

by the Office of Naval Research.

12



Table 2: Calculated parameters for the quasioptical IREC maser experiment.

Mirror separation (d) 81 cm

Mirror radius of curvature 52 cm

Output coupling 14 %

Mirror radius 3.0 cm

E. 1.1 MV/cm

WO 8.5 mm

w(d/2) 1.8 cm

Zo 21 cm

Quality factor (diffraction, Qdif) 66,000

Quality factor (ohmic, Qa) 2.5 x 106

Pnpeak 150 kW/cm 2

Ohmic power lost (per mirror) 780 kW

13



150

0
100,

cL50
E

I-

0

0 10 20 30 40 50
Distance Into Mirror (pVm)

Figure 4: Temperature rise in the resonator mirror calculated from a one-dimensional model

for an incident power flux (F) of 150 kW/cm2 and a 2 /sec pulse length.
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